The series expansion of the prolate radial functions of the second kind, expressed in terms of the spherical Neumann functions, converges very slowly when the spheroid's surface coordinate £ approaches 1 (thin spheroids). In this paper an analytical series expansion in powers of (£2 -1) is obtained to facilitate the convergence. Then, by using the Wronskian test, it is shown that this newly developed expansion has been computed with a double precision accuracy.
where a™n are the normalized expansion coefficients, and nm+r(/i£) are the spherical Neumann functions.
Equations (2) and (3) are the main interest. It is historically well known that the series in (3) converges very slowly when /i£ is small. According to Morse and Feshbach [3, p. 1506] , "the series does not converge well for h£ small, in fact it is an asymptotic series not being absolutely convergent for any finite value of /i£." Recently, Sinha and MacPhie [4] summed this series up to 40 terms and replaced the residual series by an integral. However, the integrand of this integral is a curve-fitting function which may not be reliable for large to or n.
In this paper we focus on the series given by (2) expressed in terms of the associated Legendre functions of the first and second kinds. Here, due to the lack of the development of the Q™+r(£) function, Flammer [2] expanded the prolate spheroidal function of the second kind in powers of (£2 -1) by using that of the first kind and the Wronskian of Rmh(h,{;) and Rmh{h,£). However, Flammer's prolate spheroidal wave expression of the second kind is cumbersome and complicated, and is limited to some lower values of m.
For the above purpose we first derive the representations of the associated Legendre function of the second kind Q™+r(£) for any integer m + r (r --2m, -2m + 1,..., m -0,1,2,...).
By using the linear hypergeometric transformation, Q™+r{£) is given in closed form for -2m < r < -1. However, for r > 0, Q™+r(£) is explicitly expressed in terms of the associated Legendre functions of the first kind. By using these representations it will be proved that the prolate spheroidal radial function of the second kind can be expressed in terms of its first kind. Nevertheless, when £ is near to 1 an analytical series expansion in powers of (£2 -1) is obtained and all the expansion coefficients are expressed in closed forms in terms of the d™n and coefficients. 
where F(a, 6; c; z) is the hypergeometric function with z = £~2, a -v/2 + to/2 +1,6 = v/2 + to/2 + 1/2, and c = a + b -m. By using the linear hypergeometric transformation for to = 1, 2,3,..., F(a, 6; c; z) is given [6, p. 560, Eq. 15. 3 .12] as follows:
for m = 1,2,, | arg(l -z)\ < n, |1 -z\ < 1, where ^(a:) = j-[InT(a;)] is the Digamma function. In our case F(a -m) = T{v/2 -to/2 + 1), T(6 -m) = T(v/2 -to/2 + 1/2) and, since u --to, -to + 1,..., -1, the Gamma function T(a -to), or T(6 -to) with argument 0, -1, -2,..., tends to infinity. Hence, (5) is reduced to
If we now substitute (6) into (4), then Q™(£) (i/ = m + r) is given in closed form as follows:
r --2m, -2m + 1,..., -1.
If to = 1 and r = -2, by using (7) we obtain Q-i(0 --£(£2 ~ l)"1^2) which agrees with that which is derived by using the recursion formula of the associated Legendre functions . If the expressions for Q'" (£), given by (7) and (10), are used in (2), the prolate spheroidal function of the second kind is computed with ease for arbitrary argument £. However, as £ approaches 1, it is very useful to express Rmn(h, £) as a power series in (£2 -1). However, the associated Legendre functions are first expressed in terms of the hypergeometric function of argument 1 -£2 [2, p. 36] as follows:
If we use <2™(£) giyen by (10) and (7) in (2) it is straightforward to prove that the (2) prolate spheroidal radial function of the second kind Rmn{h,(,) has the following form:
where Rmh (h, £) is the prolate spheroidal radial function of the first kind and is obtained 
where umn is defined by f 1, (n-m) even,
1,0, (n -to) odd.
From (7), (10), (11), and (12), with the hypergeometric functions expressed in powers of £2 -1, the right-hand side of (14) can also be verified as a power series of (£2 -1).
To find the expansion coefficients S™n, both sides of (14) are differentiated /j times with respect to (£2 -1) with £2 -> 1. Hence,
It is shown in Appendix A that the differentiation process (// times) is rather tedious but straightforward.
After the differentiation, by retaining only the coefficient associated with the zeroth power of (£2 -1), the expansion coefficients <5™n can be expressed in terms of the coefficients d™n(h) and d™£(h) as follows: 
where the notations (a)fc, {ct)'2k_1, ~{a)'-2k+1 are defined by Therefore, having the coefficients £)^m™ (j = 1,2,3,4), the expansion coefficients # are determined from (17) and the power series of Rmh{h, £) given by (13) is completely specified. 5 . Recursion relation among the 6™n coefficients. In addition, there exists a recursion relation among the S"lrl coefficients. To find it we substitute (13) into (1) to obtain the following inhomogeneous radial differential equation:
It is noted that (23) was also obtained by Flammer [2, p. 35] using the Qmn{h) coefficients.
The pro follows:
The prolate spheroidal radial function of the first kind Rmb(h,£) can be expanded as
Kmn{h) k=0
where the expansion coefficients C%ln(h) are given in closed forms in [2, pp. 23-24], The final step is to substitute the expansion of /imn(/i,£) into (23) with the use of (24) to obtain the following recursion relation:
The relation (25) was also obtained by Flammer [2, p. 36] using the Qmn coefficients. It is noted that the above relation breaks down when ji = m. In this case 6""' must be calculated from (17) with Dlrmmn (% = 1,2,3,4) given by (18), (19), (20), and (21).
6. Numerical results.
For thin spheroids Table 1 shows the convergence characteristics of the prolate spheroidal radial function of the second kind in terms of the number of truncated terms N of the infinite series of (13) with h = 2 for m -1 and n = 11. The table also indicates that the computation time of the prolate spheroidal radial functions becomes faster as £ approaches 1 since only a few terms are needed. Table 2 he second kind FQnn{h,£) in terms of N (number of terms in the series of (13)) with h = 2 for m = 1 and n = 11 in the neighborhood of £ = 1. 
